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The solution is obtained of the heat -conduct ion equation for  a two-component  cy l inder ,  and 
r e su l t s  a r e  p resen ted  of i ts  appl icat ion to t he rma l  design of a dc motor .  

The solution of the heat -conduct ion equation for  a two-component  cy l inder  has  numerous  applications.  
In pa r t i cu l a r ,  it can be applied to the impor tan t  p rob lem of t he rma l  design of a dc m o t o r  if the teeth of the 
a r m a t u r e  and slots  with conductors  a r e  rep laced  by an equivalent  r ing- l ike  continuous component.* 

Such design enables  one to link the admiss ib le  load fac to r  of the m o t o r  with the durat ion of the mo to r  
being on; consequent ly ,  one should be able to lower  the weight and to reduce the c l ea rances  of the control .  
The computa t ions ,  the r e s u l t s  of which a re  given below, we re  c a r r i e d  out for  a wide range of values  of 
d imens ion less  p a r a m e t e r s  encountered in t h e r m a l  design of a dc motor .  The outline of the computat ions  
is shown in Fig. 1. 

A d imens ion less  coordinate  x is now introduced which e x p r e s s e s  the dis tance to the axis  in t e r m s  of 
the ou te r  radius  of the r ing the following notation being introduced: 

r , 1 A 1 ;~ 
- -  = e ,  a ,  b ,  

R R ~" C R 2 c 

q~ q 7~ 
_ _ ~ m  o ,  - - =  ~ ,  - -  = i x ,  

C c A 

=13r~, R= _ 6 ,  ~ = H .  
a A ix 

F o r  the t e m p e r a t u r e  d is t r ibut ion in the rod O(x, t) and in the r ing #(x, t) one now obtains the following 
s y s t e m  of heat--conduction equations and the following boundary conditions: 

oo i oo ) 
~ = a  + - -  + I Ot \ Ox~ x 7 x _  Wo I 

o--i-= \ Ox~ + --x -o2x + w, ~l 

( 1 )  

ao (o, t) o, 
Ox 

*This s impl i f ica t ion is  widely applied in t he rma l  design (see, for  example  [1]). 
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o (8, t) = ~ (e, 0 

OO (~, t) Oe (~, t) _ _  = p, , (2) 
Ox Ox 

O0(1,  l)_=, HO(1,  t ) = O ,  
Ox 

o (x, o) = t: (x), t (3) 
o (x, o) = : (x). J 

Fig. 1. The calculat ion 
procedure .  

0 o (x, t) = Z A , J  o (kS)  exp ( - -  k]at), ] 

0 o (x, t) -- ZA,, [g,Jn(l,,x) -'- h,,Y,)(l,x)] exp (-- l~bl), .t 

where  the charac te r i s t i c  values k n and In are  solutions of the sys tem of equations 

A solution of the corresponding homogeneous sys tem is given by 

, (l,. ~) Yo (/. ~) Jo(k. e) 

Jl(g:) J~ (4:) Y~ (l,, ~) 7 

i HJo  ( l . )  - -  l , ,J.  ( l . )  HYe.(l,, ) - -  [.Y~ (l,~) 0 

= 0, 

(4) 

and subsequently the coefficients gn and hn a re  computed by using the formulas  

gn ~= 
l / ;Jo (<,e) Y~ (,-':).- l/:[~J~ (k. e) Yo (t.:) 

l'~ I]:, ( l , ,  ~.) Y~ (l,,~:) - -  J, (L~,) g. (<,e)l 

h.  = V ~J,, ( l : )  4 (<:) - V-~Jo ( k : )  J~ (4,~) 
t :~[Jo (l,,e) Y~ (I : )  -- J~ (l,.e) Yo (/.s)l 

(5) 

The coefficients An are  determined so that the obtained solution sat isf ies the given initial conditions: 

where  

A,, J - f  ~ . 1 
:-: 6.  i~ xr  (x)J,,(k,,..,)d.v ~ ~ .  .v f (x) fg, /o( l .x)  + h.Yo(l,,x)] dx. , 

0 

a . =  T 1 -  :~(~,~) : 1 - ~  J ~ ( k , ~ ) 4  2k~ 
1 | [g,,& (l,,) -- h ,yo  (l,,)l-'. 

2~ j " 
(6) 

For  dc motors  the values of the dimensionless  pa r ame te r s  may be found in the following ranges:  fi = 1-1.07; 
s = 0.5-0.85; 5 = 0.15-0.4; # = 0.3-3.0. 

In calculat ing the charac te r i s t i c  values k n the mean value of fi = 1.04 was adopted. 

The cha rac te r i s t i c  values increase  sufficiently rapidly so that the corresponding t e rms  of the ser ies  
become negligibly smal l  a l ready for  a smal l  t compared  with the f i rs t  term. Actual calculat ions ca r r i ed  
out when testing exper imental ly  the procedure  have shown that a l ready for  t = 0.6 min there is the ratio 

exp (-- k2aO : exp (-- k~at) ~.~ O, 1. 

There fore ,  for  the range of pa r ame te r  values (s, 5, p) under considerat ion it is sufficient to have 
available the values of k I and k 2 which a re  represented  on the nomogram (Fig. 2). 

In designing a moto r  the case  in which the power of heat sources  is kept constant  is the mos t  im-  
portant  one in prac t ice  (steel and copper  losses) .  

The solution of the inhomogeneous sys tem is 

01 (x) = 01 (0) - -  9o x~, 
4a 
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~3 
~1 (x) = - -  - -  x 2 + M lnx -b N, (7) 

4b 
w h e r e  

M = - -  
2 b- pa 

w , 1 /--/w - - M ) ;  
N = 4b r H 2b , 

0 , ( 0 ) = - ~ -  a -~ + M l n e , - N ,  

and in th i s  c a s e  a s t e a d y  t e m p e r a t u r e  f i e ld  i s  d e s c r i b e d .  Wi th  z e r o  i n i t i a l  c o n d i t i o n s  the fo l lowing  e x p r e s -  
s i on  i s  ob t a ined  fo r  the c o e f f i c i e n t s  An: 

A~ ~,~ [O~(O)B~,-- ~v~ B~-- NB~-- ~v (B~ ' ~ -- 1 = T B,,) 4- M (B~ -!- B~ In e) NB~ (8) 

in  wh ich  

4k~ 2J o (k,#) @ k,#~ 4 
l~n 8 

B~= 1 [g,/ ,  (t,0 + n~r~ q,O]; 

4 g ,  ' 4 ' 4 0 

B6n = ~ {gn [Jo (ln) - -  Jo (l~e)l + hn lye (tn) - -  Yo (/~e)l}; 

B~n = ~ [gnJ1 (lne) + h,y~ (/,,e)]. 

The  ob ta ined  s o l u t i o n  w a s  used  f o r  t h e r m a l  d e s i g n  of a dc m o t o r .  The r e s u l t  w a s  e x p e r i m e n t a l l y  
t e s t e d  on dc m o t o r  M I - 4 1 T  wi th  1.6 kW p o w e r  and n o m i n a l  s p e e d  of  2500 rpm.  The t e m p e r a t u r e  of a r m a -  
t u r e  wind ing  w a s  m e a s u r e d  on a s p e c i a l l y  c o n s t r u c t e d  e x p e r i m e n t a l  s t and  and he a t i ng  t i m e  was  found to 
b r i n g  i t  to the t e m p e r a t u r e  of  105~ f o r  v a r i o u s  c o n s t a n t  l oad ings .  The  h e a t - e x c h a n g e  c o e f f i c i e n t  a = 140 W 
/ m  2. d e g  and the e q u i v a l e n t  h e a t - c o n d u c t i o n  c o e f f i c i e n t  of the  r i n g  k = 26 W / m  . d e g  w e r e  c a l c u l a t e d  f o r  
s t e a d y  t e m p e r a t u r e  w h i c h  w a s  m e a s u r e d  f o r  s e v e r a l  l oads .  

A s  an  e x a m p l e  of  u s ing  s u c h n o m o g r a m s  i t w i H  be  shown how to d e t e r m i n e  the c h a r a c t e r i s t i c  v a l u e s  
k l  and k 2 f o r  a t w o - c o m p o n e n t  c y l i n d e r ,  tha t  i s ,  an  e v a l u a t i o n  p r o c e d u r e  f o r  m o t o r  a r m a t u r e .  The  o r i g i n a l  
da t a :  a and X w e r e  g i v e n  above ;  1R = 6 . 7 5 . 1 0  -2 m;  r = 4 . 4 . 1 0  - 2  m; A = 43 W / m .  deg .  One now f inds  the 

fo l lowing:  

4.4.10 -2 
e - -  0.65; 

6.75.10 -2 

6 " 6.75- 10 -2. 140 = 0.22; 
43 

26 
1 ~ = - -  = 0.61. 

43 

On the n o m o g r a m  one now f inds  the  f a m i l i e s  of  c u r v e s  p (ki) and p{k 2) wh ich  c o r r e s p o n d  to e = 0.65 
and one d r a w s  the s t r a i g h t  l ine  5 = 0.22 unt i l  i t  i n t e r s e c t s  the  c u r v e  ~(ki)  = 0.6 (the n e a r e s t  va lue  o f ~ ) .  By 
d r o p p i n g  a p e r p e n d i c u l a r  on the  k I s c a l e  one r e a d s  off ki  = 0.64. To f ind the va lue  of  k 2 w e  i n t e r p o l a t e  in p :  
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Fig. 2a. N o m o g r a m  to de t e rmine  c h a r a c t e r i s t i c  values (~ = 0.50-0.65). 
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Fig. 2b. Nomogram to determine charac te r i s t i c  values (~ -- 0.70-0.85). 
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between the curves  ~(k2) = 0.6 and #(k2) : 0.7 the curve #(k2) = 0.6t is drawn. Dropping the perpendicular  
f rom the in tersect ion point with the s t ra ight  line 5 = 0.22 on the k 2 scale one reads off the value k 2 = 3.59. 

The descr ibed procedure  is shown by dashed lines on the nomogram. 

In thermal  design of a moto r  one must  also calculate the pa r ame te r  a ,  give the coordinate of the 
est imated point, and the load and calculate the t e rms  of the ser ies  (4) by using the formulas  (5)-(8). 

For  steel C = 377.104 j / m 3 " d e g ,  hence 

43 a --- : 0,0025 sec -~ : 0,]50 rein'l; 
377.104 .6.752. 10 -4 

k[a : 0,642.0,150 -- 0,061 rein'i; 

k~ --= 3,591. 0,150 = 1,94 min-< 

The heating of the engine up to the permiss ib le  tempera ture  - even with considerable overloading 
- takes more  than 5 min; it, therefore ,  suffices to consider  only the f i r s t  t e rms  in the ser ies  (4). 

1 7 Knowing the value of B1-B1, g;, hi, GI one can compute all the coefficients kl, then for any given 
constant  loading one finds the coefficient A 1 and by using the formulas  (4) one can finally calculate the t em-  
pera tu re  as a function of time at any point of the a rmature .  

We omit the calculat ions and only note that for overloads in the cur ren t  f rom 1.5 to 4.0 the heating 
time for the tempera ture  to reach 105~ exceeded that evaluated for the hottest  point (x = 0.9); their rat io 
was within the l imits 1.3-1.1. This is a considerable  improvement  on the resul t  obtainable by using the 
c l a s s i ca l  heating theory of e lec t r ic  motors  [2], and may be considered as fully sa t is factory in many appli-  
cations in pract ice .  

R 

r 

A, 

C, c 
C~ 

%, q 

J, Y 

N OTA TI ON 

is the outer  radius of ring; 
is the inner radius of ring equal to the radius of the rod; 
a re  the heat conductivities of the mate r ia l  of rod and ring; 
a re  the heat capaci t ies  of unit volume of rod and ring; 
is the heat-exchange coefficient of outer  rod surface;  
are  the power of uniformly distributed heat sources  in rod and ring; 
are  the Bessel  functions of the f i rs t  and second kind. 

i~ 

2. 
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